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Exercise 72

If g is a twice differentiable function and f(x) = xg(x2), find f ′′ in terms of g, g′, and g′′.

Solution

Use the product rule and the chain rule to differentiate f(x).

f ′(x) =
d

dx
[f(x)]

=
d

dx
[xg(x2)]

=

[
d

dx
(x)

]
g(x2) + x

[
d

dx
g(x2)

]

= (1)g(x2) + x

[
g′(x2) · d

dx
(x2)

]
= g(x2) + x

[
g′(x2) · (2x)

]
= g(x2) + 2x2g′(x2)

Use them again to obtain f ′′(x).

f ′′(x) =
d

dx
[f ′(x)]

=
d

dx
[g(x2) + 2x2g′(x2)]

=
d

dx
[g(x2)] + 2

d

dx
[x2g′(x2)]

=

[
g′(x2) · d

dx
(x2)

]
+ 2

{[
d

dx
(x2)

]
g′(x2) + x2

[
d

dx
g′(x2)

]}

= [g′(x2) · (2x)] + 2

{
(2x)g′(x2) + x2

[
g′′(x2) · d

dx
(x2)

]}
= 2xg′(x2) + 2{2xg′(x2) + x2[g′′(x2) · (2x)]}

= 2xg′(x2) + 4xg′(x2) + 4x3g′′(x2)

= 6xg′(x2) + 4x3g′′(x2)
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